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Abstract

We discuss a new conceptual framework for the convexification of

discrete optimization problems, and a general technique for obtaining

approximations to the convex hull of the feasible set. The concepts

come from disjunctive programming and the key tool is a description of

the convex hull of a union of polyhedra in terms of a higher dimensional

polyhedron. Although this description was known for several years, only

recently was it shown by Jeroslow and Lowe to yield improved represen-

tations of discrete optimization problems. We express the feasible

set of a discrete optimization problem as the intersection (conjunction)

of unions of polyhedra, and define an operation that takes one such

expression into another, equivalent one, with fewer conjuncts. We then

introduce a class of relaxations based on replacing each conjunct (union

of polyhedra) by its convex hull. The strength of the relaxations in-

creases as the number of conjuncts decreases, and the class of relaxa-

tions forms a. hierarchy that spans the spectrum between the coummon

linear programming relaxation, and the convex hull of the feasible set

itself. Instances where this approach presents advantages include

critical path problems in disjunctive graphs, network synthesis problems,

certain fixed charge network flow problems, etc. We illustrate ,the

approach on the first of these problems, which is a model for machine

sequencing.
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I. Introduction

Most discrete optimization problems are solved by some kind of enumera-

tive procedure. These procedures use relaxations of the feasible set, and

of the subsets into which the latter is broken up, in order to derive bounds

on the objective function value of these subsets. Their efficiency depends

crucially on the strength of these bounds, which in turn hinges on the strength

of the relaxation used. The most commonly used relaxation is the linear pro-

gram obtained by removing the integrality conditions, sometimes amended with

cutting planes. However, some integer programming problems have more than

one formulation, and the various formulations may give rise to linear pro-

gramiing relaxations of varying strengths. This was known for a long time

about the simple plant location problem, for which the disaggregation of

the capacity constraints involving the 0-1 variables produces a consider-

ably stronger linear program than the aggregated one. To the disaggrega-

tion of the capacity constraints, Rardin and Choe [111 have recently added

a disaggregation of the flow variables of fixed charge network flow problems,

either from arc into path flows, or from single commodity into multi-

commodity flows, which often yields a stronger linear program than the

one in the original variables.

Approaching the problem from another standpoint, that of mixed

integer representability of various functions and sets, Teroslow and Lowe

[101 have recently shown how certain mixed integer formulations using a

larger number of variables than the common formulation, give rise to stronger

linear programming relaxations. Their approach essentially uses disjunctive

programming, and our work is closely related to theirs.
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Disjunctive programming is optimization over disjunctive sets. A

disiunctive set is a set defined by inequalities connected to each other by

the operations of conjunction (A, juxtaposition, "and") or disjunction

(V, "or"). Since inequalities define halfspaces, a disjunctive set can also

be viewed as a collection of halfspaces joined together by the operations of

intersection (n) or union (U). A disjunctive program is then a problem

of the form min(cxlx e F), where F is a disjunctive set.

Any integer or mixed integer program can be stated as a disjunctive

program, usually in more than one way. Conversely, any bounded disjunctive

program can be stated as a pure or mixed integer 0-1 program. This is not

always true, though, of an unbounded disjunctive program: the set

x. < 0 V x. > 1, for instance, cannot be represented by the use of integer

variables unless x. is bounded.

Besides this - not too important - difference in the domain of applica-

bility of the two problem classes, it is often convenient to view integer

programming problems as disjunctive programs. Apart from the fact that this

is the most natural and straightforward way of stating many problems in-

volving logical conditions (dichotomies, implications, etc.), the disjunctive

programming approach seems to be fruitful both theoretically and practically.

On the theoretical side, it provides some neat structural characterizations

which offer new insights. On the practical side, it produces a variety of

cutting planes, including facets of the convex hull of feasible points,

which are hard to obtain by other means. In some cases, like set covering

and partitioning, these cutting planes have been shown to be considerably

stronger than those derived by other means, and have been successfully used
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in algorithms. In this paper we show that disjunctive programming also pro-

vides strong relaxations of an integer program. For background on disjunc-

tive programing, see the surveys [4], [9], [12].

In this paper we introduce a general framework in which various linear

programming relaxations can be classified, ranked, strengthened at a given

computational cost, and viewed from a unifying perspective. In fact, we

provide a family of relaxations of a (pure or mixed) integer 0-1 program (P)

whose members form a hierarchy in terms of their strength, or tightness. The

members of this hierarchy span the whole spectrum between the usual linear

programming relaxation and the convex hull of the feasible set of (P). This

is obtained by viewing (P) as a disjunctive program and making use of the

rich variety of representations available for the latter. Our main tool

is the operation of taking the convex hull of various disjunctive sets.

The paper is organized as follows. Section 2 discusses some basic

properties of disjunctive sets and their equivalent forms, and describes

a procedure for systematically generating these forms from each other.

Section 3 deals with characterizations of the convex hull of a disjunctive

set, and their relationship to mixed integer representations of such a

set. Section 4 introduces the hull relaxation of a disjunctive set, which

gives rise to the hierarchy of relaxations mentioned earlier. Section 5

illustrates these concepts and procedures on the disjunctive graph formula-

tion of the machine sequencing problem.

9
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2. Disjunctive Sets and Their Equivalent Forms

We denote a halfspace by

H+ - x e IRlax > a }j

where aeIRn, a e]R. While the intersection of a finite collection of0

halfspaces, i.e., a set of the form

P fn i Lx PRn1aix > aio, ie}
iCMi

is known as a polyhedron, we call the union of a finite collection of

halfspaces, i.e., a set of the form

+iD-- U H. -- (X en V(a x > ao
H. = x 1

ieM 1CM

an elementary disjunctive set.

A disjunctive set F can be expressed in many different forms, that

are logically equivalent and can be obtained from each other by considering

F as a logical expression whose statement forms are inequalities, and

applying the rules of propositional calculus. Among these equivalent

forms, the two extreme ones are the conjunctive normal form (CNF)

F= Di,
i CT

where each D is an elementary disjunction, and the disjunctive normal

form (DNF)

F = U P
i c

where each P is a polyhedron.
i
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The usual statement of most discrete optimization problems is in the

form of an intersection of elementary disjunctions, that is in CNF. We give

a few examples.

The feasible set of a mixed integer 0-1 program, given by the constraints

a x > b., idM; 0 < x. < 1, jeN; x. < 0 V x. > 1, jel C N;

is in CNF, and can be written as F = n D., with T = M U NI U N2 U I (where
ieT

N = N = N), and D. defined as cxlaix > b.) for ieM; xlx > 0) for icNl;1 2 3. .1

CxJ-c. -13 for iN 2, and Cxl-x, > 0 V x.> 1 for iI.

The DNF of the same set is F = U P S where PS is the set of those x
SrI

isatisfying a x > bi, ieM; 0 < x. < i, jeN; x. > I, jeS; and -x. > 0, jeI\S.
-- 3 .3-J - .3-

Similarly, the feasible set of a linear complementarity problem given by

i i i
a b y = c , ieM; x. > 0, y > 0, jeN; xj < 0 V y :S 0, jeN;

is in CNF, and so is the feasible set of the machine sequencing problem [1]

t. - t. > d, (i,j) c Z,.3 2. -

t. >0, i eV,

t - t > d V t. - t 1 di (i~j), (ji) e W ,3 i - 1. . .3- .3

where each inequality of Z defines a precedence relation between two jobs,

and each disjunctive pair (i,j), (j,i) e W states the condition that jobs i

and j cannot overlap.
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On the other hand, the feasible set of the set covering problem de-

fined by the m x n matrix A = (ai), ai.c(0,1}, I,j, can be stated in

CNF either in the same way as shown for the general mixed integer program,

or else by letting T = M(=(l,...,m)) and F -- D., with
ieT

D. = Lxi V (x. > 1)3, ieT, where N. =[jcNla = i. The DNF of the same
3 i CN i "

problem, on the other hand, is F = U xlx. > i, jeC), where C is the set
C sC

of all covers.

Although the CNF and the DNF are the two extremes of the spectrum of

equivalent forms of a disjunctive set, they share a property not common to

all forms: each of them is an intersection of unions of polyhedra. We will

say that a disjunctive set that has this property is in regular form (RF).

Thus the RF is

(2.1) F = n s
j eT

where for jeT,

(2.2) S. = U Pis P a polyhedron, iFQ..
j ieQ i3

The CNF is the RF in which every S. is elementary, i.e., every

polyhedron P. is a halfspace. The DNF, on the other hand, is the RF in which3-

ITI = 1. Notice that if F is in the RF given by (2.1), (2.2), each S. is in

DNF. A disjunctive set S. in the DNF (2.2) will be called improper if
J

Si = Pi for some ieQ1 , proper otherwise. Any disjunctive set S such that

IT I = I is improper. S. is convex (and polyhedral) if and only if it is

S. improper.
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Next we define an operation which, when applied to a disjunctive set

in RF, results in another RF with one less conjuncts, i.e., an operation

which brings the disjunctive set closer to the DNF. There are several

advantages to having a disjunctive set in DNF, i.e., expressed as a union of

polyhedra; beyond this, the motivation for the basic step introduced here

will become clearer below when we discuss relaxations of disjunctive sets.

Theorem 2.1. Let F be the disjunctive set in RF given by (2.1), (2.2).

Then F can be brought to DNF by ITI - 1 applications of the following basic

step, which preserves regularity:

For some k,L £ T, k 1 2, bring Sk n S to DNF, by replacing it with

(2.3) Skk (PinP ))U( . -. Pi
i CQk\Q JcQA'\Qk 'iCQkQI

Proof. First we show that Sk is the DNF of Sk n I By the dis-

tributivity of U and n, we have

Sk ns 2 =( U P .n(u pk i C~ ) J CQA j

= U U (Pn1p j).
i CQk JcQ -e

But for every i 0  % fl Q,

U (Pi lP P= U (P nP
o j jQ 0

and thus SlS = Sk£ as defined in (1.3).

The set F given by (2.1), (2.2) is the intersection of ITI unions of

polyhedra. Every application of the basic step replaces the intersection of

p unions of polyhedra (for some positive integer P) by the intersection of

p-1 unions of polyhedra. Regularity is thus preserved, and after ITI - i

basic steps F becomes a single union of polyhedra, i.e., is in DNF.JI
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Remark. If Sk ? i for some i0CQk , i.e., Sk is improper, then
0

Spi ifioQ

(2.4) S kZ j o~
U.S (P. r.) otherwise

Every basic step reduces by one the number of cc .,cts S. in the RFj

to which it is applied. On the other hand, it is also ,iterest to know

the effect of a basic step on the number of polyhedra w unions are the

conjuncts of the RF. When the basic step is applied to *air of conjuncts

Sk, SI that are both proper disjunctive sets, namely unions of polyhedra

indexed by Qk and Q, respectively, then the set Sk resulting from the

basic step is the union of p polyhedra, where

p = IQ k\Al1 X I Q\QkI + IQkfnQ I.

This is to be compared with the number of polyhedra in the unions defining

Sk and S., which is IQk1 + IQZI. Obviously, more often than not a basic

step applied to a pair of proper disjunctive sets results in an increase in

the number of polyhedra whose union is taken. On the other hand, when one

of the two disjunctive sets, say Sk, is improper, then SkZ is the union of

at most as many polyhedra as S V

Given a disjunctive set in CNF with t conjuncts, where the ith conjunct

to is the union of qi halfspaces, and given the same disjunctive set in DNF, as

the union of q polyhedra, we have the bounding inequality

q < q1 X... x qt

* Because performing a basic step on a pair S., S; such that Sk is

improper, results in a set SkA that is the union of no more polyhedra than

is S, it is often useful to carry out a parallel basic step, defined as

*@ follows:
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For F given by (2.1), (2.2), and Sk= P for some io k (i.e., Sk

improper), replace f S. by ' kj' where each S is defined by (2.4).
jeT kjT(k

Note that if some of the basic steps of Theorem 2.1 are replaced

by parallel basic steps, the total number of steps required to bring F to

DNF remains the same.

Next we turn to the operation of taking the convex hull of a disjunc-

tive set, which plays a central role in the construction of the family of

relaxations that we are about to introduce.

3. The Convex Hull of a Disiunctive Set

We have two characterizations of the convex hull of a disjunctive set, 0

each of which requires the set to be in DNF. The first one is described by

the following two theorems.

Theorem 3.1 (3, 4, 91. Let

(3.1) F = U P., Pi (X Cx Mn Ax > ai 0 , ieQ,

i eQ

where each Ai is an I. x n matrix, each ai is an m.-vE ctor, and Q is an. 0 1

arbitrary index set. Let q* = CieQIP i # 0], and let

n+lyx >01 for all (uo e SR such that

L. ui'1

0-
i4for some u Ii > 0, ieQ*-

Then

clconv F = C(Q*)

I:
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For the next Theorem we need a definition. An inequality ax > d is
0

said to define (or induce) a facet of a polyhedron P of dimension n, if
3M > 0 for all xeP, and otx = n0 for n affinely independent points xeP.

Theorem 3.2 [3, 4]. Let the set F defined by (2.1) be full-dimensional,

and let Q be finite. Then the inequality ax o, where a 0 0, defines a

facet of clconv F if and only if l A 0 is a vertex of

uy = uA i , iCQ* I

F ye]Rn  for some ui > 0, ieQ*

such that u a > o
0 -

Analogous results are known for the cases where F is less than full

dimensional and/or 20 = 0 (see [31).

This characterization can be used to derive strong cutting planes

whenever Q is small or, although Q is large, the special structure of the

polyhedra P. makes it easy to find vertices of F# . Such cutting planes have

been derived in [2, 4, 5, 7, 121 and have been successfully used to solve,

for instance, set covering [6] and set partitioning [8] problems.

The second characterization expresses the convex hull of a disjunc-

tive set as the projection into In of a higher dimensional polyhedron.

It is this second characterization that we are going to use extensively

in this paper. Since this result is from an unpublished technical report,

we provide the proof here. As before, we denote Q* = (ieQIP # 0}.

Theorem 3.3 [31. Let F be given by (3.1), and let g(Q*) be the set
n i) n+lb

of all those x Rn such that there exist vectors (y , YO L)I , icQ*,

satisfying
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i
-x- r y =0

i SQ*

A -a y>0 , iC*
0 0

(3.2) i

iy>Yo0 > 0 , iCQ*.

Then

cl cony F =(Q*).

Proof. (i) We first show that cony F Qg(Q*). Let x c conv F; then

- zli
x zX

iCQ*

for some points z ePi, icQ*, and scalars i > 0, ieQ*, such that E = 1.forQ
i cQ*i

Setting y X ieQ*, we obtain a set of vectors (y

ieQ*, that together with x satisfy (3.2); hence x e 3(Q*).

(ii) Next we show that S(Q*) ccl cony F. Let x e 9(Q*) and let

-i -i(y, yo), ieQ*, be vectors that together with x satisfy (3.2). Let

-= iQ*l1 > 0] = = 0.
For ato , -- /-0 -

/y is a solution to x > a i.e., (y /y0)cP i ; therefore

-i--ij ik
Y /yo v v ij + E wk

jeVi k~ kW
Si

for some extreme points vij and extreme direction vectors w ik of in-

dexed by Vi and Wi respectively, and some scalars ij > 0, JcV i, Vik > 0,
-i -i

keWi, satisfying Z 1. Setting ijy° = j, vik we obtain

LO
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-i jcV wiky v P vlj i

j CV. i kcW.I. I.

wi th p > 0, jcV i > , keW., and E Pi. - Y.
ij aik ~ j eV1 i o

-i -iFor isQ, either y = 0, or else y is a nontrivial solution to tht

homogeneous system A y > 0; hence

-i ik
y = S w Gak

kcw.
1

ik

for some extreme direction vectors w of Pil indexed by Wi, and some scalars

arik > 0, keW..

Thus we have

/ vik> ik N

= T. K vl~pi + 5 w k S
icQ! j cVi  kcw £ isQk ci

i 2Q

=r s ij ik i

ivp + SSik
icQn jc V i iQ* kcW.

e1

with

1 -i

i.e., x is the convex combination of finitely many points and directions

of F. Hence x e cl cony F.

(iii) Since

c ony F Q ',(Q*) Qcl1 c nv F

and (Q*) is closed, while cl cony F is the smallest closed set containing

cony F, clearly 3(Q*) = cl cony F. [

6
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In order to use this characterization of the convex hull, one needs
to know which P. are nonempty. This inconvenience is considerably mitigated

by the fact, to be shown below, that the information in question becomes

irrelevant if the systems Aiy i > ai satisfy a condition that is often easy
0

to check. Let (3.2) be the constraint set obtained from (3.2) by substi-
Q

tuting Q for Q*, and let &(Q) be the set obtained from &(Q*) by the same

substitution. For any polyhedron P, Let rec P denote the recession cone

of P, i.e.,

rec [ : yjx + XyeP, ¥ x C P, X > 0].

If S and S2 are sets, we denote

S + S = (xIx = y1 + for some y 1 SI, yS 2 }.

Theorem 3.4. Z(Q) = g(Q*) if and only if

(3.3) -. Cyc)RlAiy > 0} rec Pi"
i CQ\Q* i cQ*

i ,Proof. For iQ\Q*,Ay-ay >0, Y 0Oimpliesy 0.

Therefore

g(Q) = g(Q*) + C,

where C is the expression (union of polyhedral cones) on the lefthand side

of (3.3). Clearly, &(Q*) + C = !(Q*) if and only if Cgrec g(Q*). But from

Theorem 3.3,

rec 3(Q*) = rec cl cony F

= Z rec Pi.
i OQ*

hence &(Q) = &(Q*) if and only if (3.3) holds.j
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Corollary 3.5. If for every icQ, some subset of the set of inequalities

i iiA y > a defines a bounded nonempty polyhedron, then S(Q) &(Q*),

Thus the disjunctive program mincxlx e F], where F is given by

(3.1), is equivalent to the linear program min~cxlx e &(Q*)). Furthermore,

there is a 1-1 correspondence between vertices of the polyhedra Pi, ieQ*,

and basic solutions of the system (3.2). More specifically [3]:

(i) If x is a vertex of P for some ieQ*, then the vector with

-i- - -k -k
components (y , y (x, 1), (7 y (0, 0), keQLi], together with x,

is a basic solution of the system (3.2).

(k k
(ii) If together with (y , yo), keQ, is a basic solution of

(3.2), then (y , o ) - (*, 1) for some isQ*, (y, 0  (0 0) for kcQ\Li,

and i is a vertex of P
i'

Thus all basic solutions of the system (3.2) (or (3 .2)Q) satisfy the

condition y9(0, 13, ieQ. On the other hand, a solution of (3.2) (or (3 .2 )Q)

satisfying this condition need not be basic. It is then natural to ask the

question, what do such solutions represent? The next theorem addresses this

issue.

We denote by 31 (Q) the set of those x e1Rn for which there exist

vectors (y , yo)]R n+l, icQ, satisfying the constraints of (3.2 )Q and
ithe condition yo 0 or 1, ieQ; i.e.,

Kg(Q): = Lx C 37(Q) y L eO, 13, iQ3.

Theorem 3.6. Let F - U Pit Q* - LiCQlPi 0 03, and Q** LieQ*P i A Pj,
iCQ

jeQ* ,i)}. If F satisfies
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(3.4) rec P. = rec P. , @ i,jcQ**

and

(3.5) LYIA y > 0) rec Pi ' i kQ\Q*, iQ**

then

gI(Q) =

Proof. With or without (3.4) and (3.5), 31(Q) F. Indeed, if x e Pi

for some ieQ, then x together with the vectors (yi yo ) = (x, 1), (yk IC) =

(0, 0), ktQ\i}, satisfies the constraints defining 3 (Q). It remains to be

shown that if (3.4) and (3.5) hold, S.1(Q) ;F.

Suppose (3.4) and (3.5) are satisfied and let x e 1 (Q). Then there

exists keQ**, Q' ZQ** and Q Q\Q*, such that

k +

icQ ' UQ"°

and x together with the vectors (yk I), (yi, 0), ieQ'UQ", and (yj, yJ) =
0

(0, 0), jcQ\Q'UQitUk], satisfies (3.2) But then y kePk and y CrecPk

for iQ' (from (3.4)) and for ieQ" (from (3.5)). Thus x e Pk-11

While the condition of Theorem 3.6 is not necessary, it is as weak

a sufficient condition as one can get without breaking up Q** into further

subsets, for some of which the equality in (3.4) can be weakened to inclusion.

The essential fact about Theorem 3.6 is the following immediate

consequence, which was proved earlier in a different way by Jeroslow and

Lowe [103.

Corollary 3.7. If each P. is nonempty and bounded, then 3 (Q) = F.1

Thus not only is 3(Q) the convex hull of the union of the nonempty,

bounded polyhedra P,, ieQ, but 91 (Q) is a valid mixed-integer representation
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of such a union of polyhedra. As Jeroslow and Lowe [101 have recently

noticed, this representation is better than the usual one, since its linear

programming relaxation is 3(Q), the convex hull of the union, which is often

not true of the usual representation. By the latter we mean the representa-

tion of F = U P. as the set AI (Q) of those x a satisfying
icQ

i i
Ax- (a - L)8 > L, ieQ

E 8. =I1
icQ 1

-- 8 c[0, 13 , ic.
i

where each L is a lower bound (vector) on Aix.

If we denote by A(Q) the set obtained from A(Q) by relaxing the

conditions 8. eO, 1] to 8.> 0, ieQ, A(Q) is not necessarily the convex

hull of F. In other words, while S(Q) = cony ' (Q) whenever all Pi are non-

empty and bounded, for & we only have the relation

A(Q) : cony A I(Q)

which often holds as strict inclusion, as will be illustrated later.

We need one more result before introducing the family of relaxations

of a disjunctive set. Namely, we want to use Theorem 3.3 to characterize

the convex hull of an elementary disjunctive set.

Theorem 3.8. Let D =i + x Rn VQ(aix H> a( )C. Then
ieQ iCQ The

ccnDif D is proper
cl cony D=

if D is improper, with D-- H.
St

S
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Proof.If D for some kQ, c cony D since is closed

and convex. Suppose now that D is proper, and let x be an arbitrary but

fixed point inJRn. From Theorem 3.3, x cl cony D if and only if the

system

i£7 =x

i CQ

i i ia y -aioyo >  , iCQ

i
iY= 0

i
Yo >0 , iQ

has a solution. From the Theorem of the Alternative, this is the case if

and only if the system

i
-ua + v =0 , i6Q

0

i
uao - V > 0 , iCQ

(3.6)

vx-v <0
0

i
u > 0 , iCQ,

O --
where u oe]R, ieQ, v eR, and ve]Rn, has no solution.

0 0

Since D is proper, there exists no kcQ such that H+Q %, - iCQ;

hence there exist no scalars ui > 0, ieQ, such that ui a i uau icQ.

Thus (2.6) has no solution for any x, and hence x 9 cl cony D for all

x e , i.e., c conyD=

tI

-I
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The convex hull of a proper elementary disjunctive set is thus n ,

i.e., replacing such a set with its convex hull is tantamount to throwing

away all the constraints that define it. This of course is not true for

more general disjunctive sets, as will become clear soon.

The system (3.2) which defines the convex hull of a disjunctive set

in DNF is easy to write down, but is unwieldy when the set Q is large; and

for a mixed integer program whose feasible set F is expressed as a disjunc-

tive set in DNF, Q tends to be large. Thus an attempt to use Theorem 3.3

to generate the convex hull of the feasible set is in general not too

promising.

On the other hand, the feasible set of most discrete optimization

problems, when given as a disjunctive set in CNF, has conjuncts that are the

unions of small numbers of halfspaces, often only two. Performing some

basic steps one obtains a set in RF whose conjuncts are still the unions

of small numbers of polyhedra. Note that if a disjunctive set is in the RF

given by (2.1), (2.2), each conjunct S is in DNF; hence we know how to take

its convex hull. Naturally, taking the convex hull of each conjunct is in

general not going to deliver the convex hull of the disjunctive set, but can

serve as a relaxation of the latter. This takes us to the class of relaxa-

tions announced at the beginning of this paper.

4. A Hierarchy of Relaxations of a Disjunctive Set

Given a disjunctive set in regular form

F= n S.
jeT

where each S. is a union of polyhedra, we define the hull-relaxation of
-F

F, denoted h-rel F, as

i
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h-rel F fl cl cony S..
jcT

The hull-relaxation of F is not to be confused with the convex

hull of F: its usefulness comes precisely from the fact that it involves

taking the convex hull of each union of polyhedra before intersecting them.
r. Next we relate the hull-relaxation of a disjunctive set to the usual

linear programming relaxation of the feasible set of a mixed integer program.

Obviously, the hull-relaxation of any disjunctive set is polyhedral, since

the intersection of polyhedra is a polyhedron. Suppose now that we have a

disjunctive set in CNF,

F= D.
0 jeTs

where each D. is the union of halfspaces. Let T* (JeTID. is improper),

and denote

P =n D0 j¢T* J '

with Po = M if T* P . p can be viewed as the "polyhedral part" of Fo,

i.e., the intersection of those elementary disjunctive sets that are halfspaces.

Lemma 4.1.

h-rel F P
0 0

Proof.

h-rel( n D = h-relP o (

j cTeT\T*

= cl cony cl " cT cony D."
Vo
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by the definition of the hull-relaxation. But ci cony P = P and from0 0

Theorem 3.6, cl cony D. =Rn for all jcT\,T*. This yields the equalityJ

stated in the Lemma.i

When the feasible set of a (pure or mixed integer) 0-1 program is

stated in CNF (which is the usual way of stating it), T* is the index set

of all the conjunctive, i.e., ordinary linear constraints, and T\T* is the

index set of the disjunctions x. < 0 V x. > 1. Thus P is the linear pro-
3 - 3- 0

gramming feasible set, and the hull-relaxation of a (pure or mixed-integer)

0-1 program stated in CNF is identical to the usual linear programming

relaxation.

The next question we address is what happens if one applies the hull-

relaxation to a disjunctive set that is not in CNF. Specifically, we look

at the effect of a basic step in the sense of relating the hull-relaxation

of the RF before the basic step to that of the RF after the basic step.

Lemma 4.2. For j = 1, 2, let

S. = U pis

where each Pi, i9Qj, j = 1, 2, is a polyhedron. Then

(4.1) cl conv(S1  S2) 2 (cl cony S1 ) f (cl cony S2 ).

Proof. Certainly S1 nS 2 Q (cl cony S1) n(cl conv 2 , and since

cl cony (S1fNS 2) is the smallest closed convex set to contain SIns 2, (4.1)

follows.

Theorem 4.3. For i = 0, 1,...,t, let

F i  S i
CTri j
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be a sequence of regular forms of a disjuntive set, such that

(i) F is in CNF, with Po M fls' is improper);

(ii) Ft is in DNF;

(iii) for i1....,t, Fi is obtained from F. 1 by a (possibly

parallel) basic step.

Then

P = h-rel F oh-rel F 1 : h-rel Ft = cl cony Ft

Proof. The first equality holds by Lemma 4.1, since F is in CNF.o

The last equality holds by the definition of a hull-relaxation, since Ft

is in DNF, i.e., IT I = 1. Each inclusion holds by Lemma 4.2, since for

k = 1,...,t, Fk is obtained from Fk-l by a basic step.l1

For any Fi in the above sequence, we can obtain from the hull-relaxa-

iition a mixed-integer programinng representation of F1 by using Theorem 3.6.

However, this representation requires one 0-1 variable for every polyhedron

Ph in the expression

(4.2) F =n fS. , Si = U Ph Ph = (yJRnlAAhy>ah), hQ, JCT,
SeT i j h eQ ih h0i

which is usually much more than the number of 0-1 variables needed to

represent the CNF of the same set, i.e.,

(4.3) F = fn S0  S0 = U H+
r*T r r SCQ s

0 r

The next theorem gives a mixed integer representation of F1 which uses

the same number of variables as that of F . For F as defined in (4.3), let
0 0

T' (re IS0 is proper).
0 a r
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Theorem 4.4. Let F be the disjunctive set in CNF given by (4.3),0

and let F be the disjunctive set in RF given by (4.2), obtained from F

j 0

by a sequence of basic steps, and satisfying the conditions of Theorem 3.6.

yh h n+l
Then F. is the set of those x e R for which there exist vectors (y y )e1 o

heQj, jeTi., and scalars & rs seQ r, reT , satisfying

h
E y =0
hCQ

h h h h
Ahy -a > 0 h eQ.

(4.4) j cT i

h

YO 0

h CQ Jh~

(4.5) y . =0 sCQ reT
rs r 0

h P h-Ii

E 8 =1, reT'r sQ o

r
(4.6)

6 O ,l } , SCQr, reT'.
rs rp 0

Proof. From Theorem 3.6, for each jeTi the constraints (4.4)

i h
define the convex hull of S., and if amended with the condition y ho,3l,

heQ., they define Si itself. We will show that the constraints (4.5), (4.6)
J j

enforce precisely this condition, and therefore all constraints together

i
define Fi = s..

jeT.
Li L

k
For any given 6 satisfying (4.6), the unique set of y satisfying

(4.5) is defined by

-6
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if 6 = 1, *(r,s)H +;Ph and seQh rs s ~h r(4.7) Yo =
otherwise.

Indeed, 6 0 implies yoh 0 for all hcQj, jeTi, such that
rso

H P which means that those constraints (4.5) for which 6 = I mustrs Ph; rs

h
be satisfied by setting y0 = 1 for precisely those heQj, jeTi., for which

this is prescribed by (4.7).11

Theorem 4.4 provides a way of representing any disjunctive set in

regular form as the feasible set of a mixed-integer program with the same

number of 0-1 variables as would be required to represent the same disjunc-

tive set in CNF.

In order to make best use of the hierarchy of relaxations defined

in Theorem 4.3, one would like to know which basic steps result in a strict

inclusion as opposed to an equality. The next theorem addresses this question.

Theorem 4.5. For j = 1, 2, let

S. = U P.,J . Q i

where each P,, icQ, j = 1, 2, is a polyhedron. Then

(4.8) cl conv(SI fS2) = (cl cony S I ) N(cl cony S2 )

if and only if every extreme point (extreme direction) of (cl cony SIn

(cl cony S.) is an extreme point (extreme direction) of P i !1Pk for some

* (i, k)cQI X Q2 "

Proof. Let TL and TR denote the lefthand side and righthand side,

respectively, of (4.8). Then

TL =c convi U U (Pi P Pk
TicQI kcQ2

--
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Thus x T if and only if there exist scalars X. > 0, jeV and i > 0,
L 2

1eW, such that E %. = l and
jeV 3

x - v.. + wZ

jgV I 62W

where V and W are the sets of extreme points and extreme direction vectors,

respectively, of the union of all P.iflP (i, k) cQX Q
k)Q 1  Q2 >

On the other hand, x e TR if and only if there exist scalars > 0,

j eV' and > 0, IeW', such that Z .' = I and
jjV' j

where V1 and W' are the sets of extreme points and extreme direction vectors,

respectively, of TR. If the condition of the theoremholds, i.e., if V'QV

and W' 9W, then TR TL, and since by (4.1) T L TR we have TL = TR as

claimed. If, on the other hand, V 'V A 0 or W'\W # 0, then there exists

x e TR"TL, hence (4.1) holds as strict inclusion.H

One immediate consequence of this Theorem is

Corollary 4.6. Let

K = (x e1RnIO < x. < 1, j = 1,...,n),

and

S ( Lx e Kix. < 0 V x >l}, j - 1,...,n.j -J -

Then
n n

(4.7) cony 1 S. = n cony S.
j=l j j-l

Thus basic steps that replace a set of disjunctive constraints of

the form

x. < 0 V x. > 1, jeT

by a disjunctive constraint of the form
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'X < jcS

S T j eT'S

before taking the hull-relaxation, do not produce a stronger relaxation:

taking the convex hu.1 before or after the execution of such basic steps

produces the same result. In order to obtain a stronger hull-relaxation,

the basic steps to be performed must involve some other constraints than

those of the above form.

Next we illustrate on some examples various situations when taking

the convex hull before or after a basic step does make a difference.

Example 4.1. (Fig. 3 .1)Let P1 = (x c€21xI = O, 0 < x2

P x c1R 1I = 1, 0 < x2  2 ] ,0<x ]2 -- , 2  ,P3 =- ( ]R21-I + x2 - 0.5, x, > 0,
x 2 ~1), P4 =(xC R 2Ix" - x2 > 0.5, xI < l, '2 > 0), and let F = S INS2
with S 1 IUP 2 , $2 = p 3UP 4. Then

(0, 1) (1, 1) P 3 -

(0, 0) (1,0 ) 1 0)

2' 2'

- - - (0,

L (1, 0)

(2- 0) (c- -onvS 1 r 2 )

(ci conv S1) 7 (cl cony S2 )

Fig, 3.1
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cl cony s= (x * 2 0< < i, 0< x2 < 

cl cony S2 = [x IR210.5 < x + X2  15, 0 < x< 1, 0 x 2 < lb,

and
(cl cony S1) f (cl cony S2 ) = cl cony S

On the other hand, S 1 2 = (PI UP 3) f(P 2 U P4 ) (since P1fnP 4 =

P 2P = 0), and

2cl conv(SiNS2 ) =x elk2i < xI + 2x 2 < 2, 0 <x I <I.

Here (4.1) holds as strict inclusion, because the vertices (0.5, 0)

and (0.5, 1) of (cl cony S) f(cl cony s2) are not vertices of either P nP

or P nfP although the first one is a vertex of P and the second one a2 4' 3

vertex of P 3

Example 4.2. (Fig. 3.2) Let P1 = (x R21x1 = 0, K2  0)'

P2 = (x cI 2 lx1 = 1, x, = 0], P3 =(x ]R 2 x. 0, x2 = 0],

P4 = (x eR 2 jx I = 1},x and let F = SIS 2 , with S= P UP2 ,

$2 = P3 U P4. Then

PI 
P4

P3 p - 2 (0 ,0) ,1, 0)

(0, 0) (1, 0)

(cl conv S n (cl conv S2 ) cl conv(SI lS2)

Fig. 3.3

cl cony S ci conv S2 = Lx eR 2 10 < x < i, x2 > 0],

= (cl cony S fn (cl cony $2),

whereas

cl conv(S1 IS 2 ) cl conv((P I P3 ) (P2 JP4 ))

-x cm l 2 10< x 2 o2 .
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Here (4.1) holds as strict inclusion because (0, 1) is an extreme

direction vector of (cl cony S) (I (cl cony S2) , but not of P I3 or P rP

It is an important practical problem to identify typical situations

when it is useful to perform some basic step, i.e., to intersect two con-

juncts of a RF before taking their convex hull. The usefulness of such a

step can be measured in terms of the gain in strength of the hull-relaxation

versus the price one has to pay in terms of the increase in size. Since the

convex hull of an elementary disjunctive set is n ,i.e., taking the convex

hull of such sets does not constrain the problem at all, one should inter-
L

sect each elementary disjunctive set S. in the given RF with some other con-
junct Sk before taking the hull-relaxation. This can be done at no cost (in

terms of new variables) if Sk is improper. Often intersecting a single im-

proper conjunct Sk with each proper disjunctive set S. appearing in the same

RF, i.e., executing a single parallel basic step before taking the hull re-

laxation, can substantially strengthen the latter without much increase in

problem size. As to shich improper conjunct Sk to select, a general principle

that one can formulate is that the more restrictive is Sk with respect to each

Sj, the better suited it is for the purpose. The next example illustrates this.

Example 4.3 Consider the 0-1 program

(P) min 4z = -x + 4x 1-x + x2  0; x + 4x2  2; xi, x2 eo , l]}

illustrated in Fig. 3.3.
0 )-x + x > 0

1 2-
(0, 1)

,' x I  + 4x 2  > 2

(0, 0) (1, 0)
Figure 3.3
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The usual linear programming relaxation gives the optimal soLution

x= x2  2/5, with a value of z = 6/5. This of course corresponds to

taking the hull-relaxation of the CMF of the feasible set of (P), which

contains as conjuncts the improper disjunctive sets corresponding to each

of the inequalities of (P) (including 0 < x1 < 1,0< x2 1<) and the

two proper disjunctive sets S1 = (x l R2 x < 0V xI' 13,

S = 2x 2  If P is the intersection of all the2 X2  0 I _o' x2 > .  0fP

improper disjunctive sets, the hull relaxation of the CF of (P) is

F = P lnconv S fN conv S2.

Let us write K = £x e I 210 < 1, 0 < x2 < 1, and P. = P01  Po2'

with Pol = x ' I + -2 0)' Po2 = e xl + 4x > 2. Now suppose we

intersect each of S1 and S2 with P before taking the convex hull, i.e.,

use the hull relaxation F1 = P o2 n conv(P n S1 ) r) conv(Pol 1 2). We find

that conv(P = conv(P01 n S2 ) = Cx e KJ-x 1 + X2 _ 03, and hence

F1 = FO, i.e., these particular basic steps bring no gain in the strength

of the relaxation.

Suppose instead that we intersect S and S2 with Po2 before taking the

convex hull, i.e., use the hull relaxation F2 = Pl conv(Po2 n SI) N

conv(Po2 r S2 ). Then conv(P o2 f l = x e Klx I + 4x2 _ 21, conv(Po2 n S2)

( Cx c Klx2 = 13, and F2 
= Cx c KIx 2 = 1, which is a stronger relaxation

than F . Using the relaxation F2 instead of Fo, i.e., solving mincz = -x

+ 4x21x e F2), yields X * 2 1, with ^ = 3, which happens to be the

.4 optimal solution of (P).

Note that Pol cuts off only one vertex of conv(S1 1 K) = conv(S2 n K) K,

whereas Po2 cuts off two vertices of K.I1
4i
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When basic steps are used that intersect proper disjunctive sets

before taking their convex hull, the number of variables in the hull relaxa-

tion increases. Especially attractive are those situations where the in-

crease in problem size is mitigated by the presence of some structure that

makes it possible to solve the increased linear programs efficiently. This

is the case in the machine sequencing problem discussed in the next section,

as well as in certain network synthesis and fixed charge network flow problems.

5. An Illustration: Machine Sequencing via Disjunctive Graphs

In this section we illustrate the concepts and methods discussed in

sections 1-4 on the example of the following well known job shop scheduling

(machine sequencing) problem: n operations are to be performed on different

items using a set of machines, where the duration of operation i is d.. The
1

objective is to minimize total completion time, subject to (i) precedence con-

straints between the operations, and (ii) the condition that a machine can

process only one item at a time, and operations cannot be interrupted. The

problem is usually stated [1] as

min t n

t - t > di (i,j) e Z

(p) t. > O, i V

i -

j - 2 . I . - j > d

where t i is the starting time of job i (with n the dunmny job "finish'),

V is the set of operations, Z the set of pairs constrained by precedence

relations, and W the set of pairs that use the same machine and therefore

cannot overlap in time. It is often useful to represent the problem by a
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disjunctive graoh G (V, Z, W), with vertex set V and two kinds of directed

arc sets: conjunctive (or usual) arcs, indexed by Z, and disjunctive arcs,

indexed by W. The set W consists of pairs of disjunctive arcs and is of

the form W = W+ , with (i,j)eW if and only if (J,i)eW. The subset

of nodes corresponding to each machine, together with the disjunctive arcs

joining them to each other, forms a disjunctive clique. A selection S W

consists of exactly one member of each pair of W: i.e., there are 2q

possible selections, where q --IIW: G is illustrated in Fig. 5.1, where the

disjunctive arcs are shown by dotted lines. If g denotes the set of selections,

for every S eS, GS = (V, ZUS) is an ordinary directed graph; and the prob-

lem (P(S)) obtained from (P) by replacing the set of disjunctive constraints

indexed by W+ with the set of conjunctive constraints indexed by S is the
dual of a longest path (critical path) problem in G Thus solving (P)

amounts to finding a selection S Sg that minimizes the length of a critical

path in GS

,~F! 9 ..

* Fin.5.1

The usual mixed integer programing formulation of (P) represents

each disjunction

(5.1) t. - t > d v - t > d
b - i c r j

by the constraint set
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t i - (d i - Lij)YtJ Lij

(5.2) -t. + t i+ (dJ - Lji)yii> d

Yij ,C(o'I),

where L.. is a lower bound on t - ti. Unless one wants to use a very

crude lower bound Li.J one has to derive lower and upper bounds, Lk and

Uk, respectively, on each ti, icY, and set Lij = L1 - U. LJ can be taken

to be the length of a longest path from node 1 (the source) to node j in the

(conjunctive) graph G0 = (V, Z), and U. the difference between the length

of a critical path in G for some arbitrary selection S e', and the length

of a longest path from node J to node n (the sink) in G0 .

The constraint set (5.2) accurately represents (5.1) (amended with

the bounds L < tk < Uk, k = 1,2), but its linear programming relaxation

(5.2)L" obtained by replacing yijc(0,1) by 0 < yij < 1, has no constraining

power, as shown by the next theorem.

Theorem 5.1. If the disjunction (5.1) is proper, then every tit tj

that satisfies

(5.3) Li < ti <Ui, L<t < U

also satisfies (5.2)L'

Proof. It suffices to show that the four extreme points (Li. L.),

(Li, U1 ), (Ui, L.), (Ui, UJ) of the two-dimensional box defined by (5.3)

satisfy (5.2)L for some y ij. We first write (5.2)L in the form

S(5.2) u  (L - Ui)(l - y diYj < tj t, < -d (l - Yij) + (Uj -Li)Yj

L i 7ij i

0 <y ij <

|.
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and note that (Li, U.) and (L., U.) satisfy (5.2) for yi 1 and y. -- 0,
2. . ij ij

respectively. To show that (Li. L.) satisfies (5.2)L for some yij, we
iL

substitute (Li, L.) into (5.2) and obtain

d.-L.+L. U. -L.
(5.4) d.-L.+U. < yj <Ui-L +di

To see that (5.4) is feasible, note that the right hand side increases

with U. ; so (5.4) is feasible if it is for the smallest admissible value of

Ui., which is L. + d. (for smaller U. (5.1) becomes improper). Substituting

L. + d. for U. we obtain that (5.2) is feasible whenever L. + d. < U.,
J .J 1 2. 2- i

which is a condition for (5.1) to be proper.

An analogous argument shows that (Ui, U.) satisfies (5.2) for some
yij2-

Consider now the mixed integer representation of (5.1) associated

with the hull-relaxation of the feasible set of (P). If the latter is

given in CNF, as is usually the case, applying the hull-relaxation to this

form yields nothing, since the convex hull of the disjunctive set defined

2
by (5.1) is R , the space of (ti, t.). If we perform a parallel basic

step of the type defined in section 3 and introduce into each disjunct of

(5.1) the lower and upper bounds on t i and ti, this replaces every elementary

disjunctive set Dij defined by a pair of constraints (5.1), by a disjunctive

set

S = Qti,t) Li <ti Ui  V Li <ti< U }
\Lj < tj < U j L j <tj -<Uj

i. .i, - . . .. ..
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The feasible set of (P) is then of the form

(5.7) F -- P ' ,S .
(i,j) ew+ 'j

where P is the polyhedron defined by the inequalities (5.3) and t -, d,
0j

(i,j)c Z. Further, we have (since all S are bounded, clconv S = cony S..)
ijij 2.J

h-rel F - cony S

and from Theorem 3.3, the convex hull of S.. is the set of those (titj)

satisfying the constraints

1 2I tk t i tic 0 , k =i,j

1 1>t tl >d
tJ i -diYij

t2 + t2' > d (1 - Yij
- t --

(5.8)

LkYiJ < t - kY j

k = i,j

L.K( - _ _ - j

0 < 7 ij <I

Also, from Corollary 3.7, the set of those (c ,t.) satisfying
ii

(5.8) and yije(O,l} is Sij , since both disjuncts of Si. are bounded

polyhedra; and thus using (5.8) with y ijO,l for all (i,j)cW+ is a

valid mixed integer formulation of (P). This representation uses the

same number of 0-1 variables as the usual one, but introduces two new

variables, t1, t'2 ,for every original variable tk with associated bounding

inequalities LkyiJ : tk < Ukyij Lk(l - Yi) < t 2 < U k(l - yiJ). At the

price of this increase in the number of variables and constraints, one
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obtains as the hull-relaxation a linear program whose feasible set is

considerably tighter than in the usual formulation, since each constraint

set (5.8) defines the convex hull of Sij. It is not hard to see that each

of the two points (Lip L.) and (Ui, U.) violates (5.8) unless it is con-

tained in one of the two halfspaces defined by t. - t. > d. and t, - t. > d*.
-1 . J -J3

Let us now perform some further basic steps on the regular form (5.7)

before taking the hull-relaxation. In particular, let us intersect all S..13

such that i and j belong to the same disjunctive clique K. If we denote

= T(Si ; : i, jcK, i~j), and if IKI = p, then
13

t- t >d V t - t. > d,, i, jeK, i~j- j j 1I-

cp}T(K) -- teRp >

L. < t. < Ui icK

Taking the basic steps in question consists of putting T(K) in

disjunctive normal form. Let < K > denote the subgraph of G induced by

K, i.e., the disjunctive clique with node set K. A selection in < K >,

as defined at the beginning of this section, is a set of arcs containing

one member of each disjunctive pair. Thus if < K > is viewed simply as

the complete digraph on K, then a selection is the same thing as a

tournament in < K >. If S denotes the k-th selection in < K > and Q
k

indexes the selections of < K >, then the DNF of T(K) is T(K) = Tk(K),
kcQ

where

t- t. > d., (i,j) eSk
I3 - 3.k

Tk(K) t C pR L.

L. < t. < Ui, ieK
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It is easy to see that if Sk contains a cycle, then Tk(K) = 0.

Let Q = rkeQ!Sk is acyclic3. Every selection is known to contain a

directed Hamilton path, and for acyclic selections this path must be

unique. Furthermore, every acyclic selection is the transitive closure

of its unique directed Hamilton path.

Let Pk denote the directed Hamilton path of the acyclic selection

Sk ; then Sk is the transitive closure of Pk' and the inequalities

t. t. > di (i,j) e Pk' obviously imply the remaining inequalities of

Tk(K), corresponding to arcs (i,j) e Sk\Pk. Thus a more economical ex-

pression for the DNF of T is T(K) = U Tk(K), with
k eQ*

te t
.t. di' (j) PkTk(K) -- ORm

i < t 2. < Ui , i4

Now let M be the index set of the disjunctive cliques in G, and K

m

the node set of the m-th such clique. Then the RF obtained from (5.7)

by performing the basic steps described above is

(5.9) F = Po n T(K
meM

and the hull-relaxation of this form is

(5.10) h-rel F = P f ( n cony T(K ))o
meM

For mgM, let Q: index the acyclic selections in < K >; and for
m m

keQ*, let Sm and Pm denote the k-th acyclic selection in < K >, and its
m k k m

directed Hamilton path, respectively. Then introducing a continuous
k r every acyclic selection m and a 0-1 variable y. for

variable fk

every disjunctive pair of arcs C(ij), (j,i)], and using Theorem 4.4,

we obtain the following mixed integer formulation of problem (P) based

on the hull-relaxation (5.10).
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min t
n

t. -> d (i,j)eZ

k
j j e%- m

k eQ,

tj(lk) +tj(2,k) - dj(lk)Ak >0

(s') ... ke, meM
k k d >0

j(pk-l,k) + tj(pkk) j(pk1l k) k

tk(U. -L ) m 0j(lk) j(pkk) j(pk,k) (l,k) k >

k 
I(j ,i)eS 

k

Xm-

t tj _> O, ¥ k; Xk > O, k,m; yi 0,l , (i,j) eW+ .
0, k i k

kk

Theorem 5.2. Problem ) is equivalent to (P): if t is a feasible

solution to (P), there exist vectors t and scalars Xk, keQ*, meM, and a
k m

vector y, satisfying the constraints of (P); and conversely, if t, tk ,

keQ*, mCM, and y satisfy the constraints of (P), then t is a feasible
m

solution to (P).

Proof. (P) is the representation of (P) given in Theorem 4.4, with

the set F. replaced by F as defined in (5.9), and with the difference that1
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the upper bounding inequalities - kt + U % j K are replaced by
k - k '

the single inequality t.k k + (Uj - Lj )X > 0.
j(l,k) - j(pk k) +(j(Pkyk) ~(l,k) k k 0.k

The role of the upper bounding inequalities is to force each t. to 0 whenJ
mX k = 0, and the inequality that replaces them in P does precisely that:

together with the inequalities associated with the arcs of Fk, it defines
m kym

a directed cycle in <K > and thus X 0 forces to 0 all t., jeK
m k '

The linear program ig relaxation of (9) is much stronger than the

linear programming relaxation of the common mixed integer formulation of (P).

Preliminary computational experience on a few small problems indicates that

the value of this stronger linear programming relaxation tends to be much

higher than that of the usual linear progranming relaxation. For example:

Value of

Usual LP Strong LP IP

Problem 1 18 25.1 31

Problem 2 8 10.7 13

Problem 3 20 25.8 35

On the other hand the linear programming relaxation of (P), unlike

that of the usual mixed integer formulation of (P), is not a longest path

problem. This is a serious disadvantage, which has to be overcome by

finding a solution method that takes advantage of the structure of (P).

While this is in general still an unsolved problem, an important

aspect of it has been successfully solved. Namely, if (P) is to be

solved by projection on the space of the y-variables, i.e., by Benders's

partitioning method, then in order to generate the inequalities of the

Benders master problem one has to solve the dual of the linear program

obtained from (P) fot various 0-1 values of y. We have recently found a

way of deriving a solution to this problem from a solution to the longest

SA
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path problem that corresponds to it in the usual formulation of (9). But

the discussion of this algorithm is left to another paper.
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the intersection (conjunction) of unions of polyhedra, and define an
operation that takes one such expression into another, equivalent one,
with fewer conjuncts. We then introduce a class of relaxations based
on replacing each conjunct (union of polyhedra) by its convex hull.
The strength of the relaxations increases as the number of conjuncts
decreases, and the class of relaxations forms a hierarchy that spans
the spectrum between the co ilon linear progranmming relaxation, and
the convex hull of the feasible set itself. Instances where this
approach presents advantages include critical path problems in dis-
junctive graphs, network synthesis problems, certain fixed charge
network flow problems, etc. We illustrate the approach on the first
of these problems, which is a model for machine sequencing.
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